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ABSTRACT algorithm [4], with relaxation to the continuum that is well

Many imaging systems.g, interferometric synthetic aper- known to give rise to solving a Poisson equation [4]. The
ture radar (INSAR), yield phase images. These systems raeaknesses of this approach are long-familiar, in paicul
trieve the phase up to a modulee2ad ambiguity,i.e, the  the oversmoothing of high phase rate slopes and discontinu-
phase is wrapped into the principal interyalrr ). Phase ities. Concerning the third, it approximates the true suefa
unwrapping (PU) is, then, a crucial inverse problem to obby means of local planes. The proposed approach requires a
tain absolute phase, which is what embodies physical inforsimulated annealing computation which is a (nowadays) too
mation. If the phase difference between neighboring pisels much slow optimization technique.

less tharrt rad, then, phase unwrapping can be obtained un-

ambiguously. This, however, is not always the case. For €4 1 contributions

ample, in INSAR, where absolute phase is proportional to the

terrain elevation, we often face neighbor phase differenceThe main contribution of this paper is to present a new algo-
much larger thamtrad. The PU problem is even more chal- rithm that accomplishes both phase unwrapping and denois-
lenging for noisy images. This paper proposes a diversityng based on diverse observations.

approach, which consists of using two (or more) images of Our approach is Bayesian. The observation model ac-
the same scene acquired with different frequencies. Divereounts for multiple sinusoidal noisy measurements and the
sity grants an enlargement of the ambiguity intefvalt 71),  prior is a discontinuity preserving Markov random field
thus, allowing to unwrap images with high phase rates. FUrtMRF). The absolute phase is inferred by computing the
thermore, this paper presents a multi-resolution teclnigumaximum a posteriori (MAP) phase, by exploiting graph-
to make denoising. We formulate both tasks as integer opeuts based energy minimization techniques. The algorithm
timization problems, which we tackle by using graph cutshas two main steps:

techniques. We illustrate the effectiveness of our method-1 Ph . . diff f
ology by showing experimental results, which are, to ourl- Phase unwrapping: we input two (or more) different fre-

knowledge, state-of-the art competitive. quency interferograms (of the same scene), which pro-
vides an extension of tHe- 77, 1) ambiguity interval and,

1. INTRODUCTION consequently, an increasing of the phase rates that still
allow unwrapping to be a well-posed problem. This

There are nowadays many applications based on phase. The frequencydiversity technique is put forward through a

generation of digital elevation models, in interferometri graph-cuts algorithm [6, 5] that minimizes a MRF com-

synthetic aperture radar (INSAR), and of tissue tempera- posed of a sinusoidal data term plus a non-isotropic total

ture maps, in magnetic resonance imaging (MRI), are two variation (TV) prior.

paradigmatic examples. Imaging systems aimed at phase ap- Denoising: we achieve denoising by an iteratinelti-

plications do not have access to the phase itself, but only precisionMAP-MRF energy minimization graph-cuts al-

to its cosine and sine values. These systems can not infer, gorithm. As in the previous step, (Phase unwrapping),

therefore, the phase, but just its modula-2he so-called in- the data term is sinusoidal, while a discontinuity preserv-

terferogram. This sinusoidal nonlinearity, jointly witther ing denoising prior is considered [7, 8.

degradation mechanisms usually present in phase applica-

tions such as noise, high phase rate, and discontinuiéas, r

ders absolute phase estimation a hard ill-posed inverse pro 2. PROPOSED FORMULATION

lem. . . .
Diversity is an acquisition strategy where more than ond-6t 9 = (V. £) be an undirected graph associated to a first
interferogram is acquired, each one corresponding to a di order Markov.random. f|elld (MR?’ wherfe the set of nodes
ferent frequency of the sinusoidal nonlinearity. By acimgjr Fepfiseﬂtsh'ma!ge p[xels and ;] eseto %dgeepr?sents
more than one interferogram, the number of phase solutiorf&!rs 0 ne|gr;] boring lplxeds. Int IIS pcf:lphek:t e set of edges
compatible with the observations decreases and, thereforreepresentS orizontal and vertical neighbors.
the hardness of the phase estimation problem is lightened.
Frequency diversity based phase estimation algorithm2.1 Posterior density
are scarce. We are aware only of the ones proposed in [ . . .
[2], and [3]. Regarding the first one, it proposes three veryVe consider, as irg.g, [9], the observation data model, for
simple (and interesting) algorithms that, nonethelessgar €ach frequenct, to be given by
ror prone. The second one is a multidimensional (accounting )
for diversity) version of the minimun? norm type of PU z=ef%4n, (1)



where @ is the absolute phaken is a complex zero-mean {q,s}, and{r,s} are coprime integefsresults in a third pe-
Gaussian circular random variabieg(, the real and imagi- riodic function whose period ig x s; as the initial functions
nary parts oh are jointly Gaussian, zero-mean, independento have periods of respectivedyands, we conclude that the
and have the same variance). Let us define also the wrappeériod is, in general, extended and so the ambiguity reduced
observed phasgy, as This is the “beat production”, long known in wave physics.
It is a well known behavior.g, from wave phenomena, that
Y =angl€z). (2)  the greater the beat period extension, the smaller therdiffe
ence between global and local maxima. Furthermore, it is
We follow the Bayesian framework. Accordingly, we also well known that beat period extension brings noise am-
need to build the posterior densip(¢|z) of the phase im- plification. This trade-off should then be taken into acdoun
age @ € RIVI given the observed complex image= C!V!
(C denotes the complex field). Invoking the Bayes law, we2.3 Phase unwr apping with diversity

have p(¢|z) < p(Z|@)p(¢), wherep(z|g) is the likelihood |n4qqycing the data fidelity term in (6) into (3), we obtain
function, measuring the data fit apde) is the prior density

encodinga priori knowledge about the phase image E = —Ar cos(W. —Fi@) — Ao cos(Ws —

Let us assume conditional independence in the observa- @) i; 3 c0s(y1; — Fa) — Az cos(yz, ~ )
tion mechanismi.e., p(Zl@) = icy P(z|@). Furthermore, . _
let us consider priors such thatlﬁ)gp) =—uyijpVi(a- T H Z Vij (@) )

. i,j))e€
@;), wherep > 0 is a scale parameter often termed the reg- (e

ularization parameter, anj (-) is the so-called potential as- |n this section we solve only the phase unwrapping problem.
sociated with edgéij). In these circumstances, computing Assuming noiseless environment, there exists a unique cou-
the MAP estimate is equivalent to minimize the negative |Og-p|e of integer imagesk; andkp, such that the unwrapped
arithm of the posterior densif : RVl — RU {400} given  (true) phasep is given by

by
E(@= D@ +u Y Vi@-a), @ Fp =1 +2aT, (8)
i€y (i,))ee
N—— and
Data fidelity term Prior term Fo= Y+ 2k, (9)
whereD;(@) = —logp(z|a@). for two observations with frequenci€s andF,, respectively.

Given the observation mechanism, (1) and (2), we havB8y adding (8) and (9) we get
(see e.g. [9])
1 Wt 2 K
Di(@) = ~Aicos@ — ), forieV, (4) CRRYTRIRT
with A = Alz|/(202) and s = angléz ), i.e, the loglikeli-  NSTeW = W1+ 4, andk = ki +kx. Then, by introducing

hood function is proportional to a shifted cosine. The MAP(lO) into (7) we get
absolute phase estimate is then obtained by minimizing the

(10)

negative of the logposterior function given by Ek) = | Y COS(Lﬂli B FlFTle(wi Lok n))
E(p)= Y —Aicosa—y)+u Y Vij(@—9¢). (5) '
iy (iLpee + z -z COS(WZi - %((M + 2k T[))
Notice thatu, the regularization parameter, sets the relative eV Lt
weight between the data fidelity and the prior terms. + H . geg\/ij (i —2k) — (g — 2k)],  (11)
2.2 Diversity |

) _ _ _ with a correspondingly combinatorial optimization (min-
In th|s paper we cons@er frequency d|V(_arS|ty. For the Sak@mization) to be done on variablelg i € V. We take
of simplicity, we take just two frequenciesy = p/q and v (Wi — 2k) — (@; — 2k;)] = |k —k;| the, so-called, non-
R =r/s where{p,q,r,s} € N. Assuming that observations isotropic total variation (TV). This potential represetie
(2) are independent for each frequency, the negative leglik pest trade-off between the capability of preserving discon
lihood is now given by (6) tinuities and the computational complexity of minimizing
E(k). At this point we make a parenthesis to stress that by
Di(@) = —Ay cos(y, — F1@r) — Az cos(yz —F2qa) . (6) adding (8) and (9), we are choosing a symmetrical solution
, , i regarding the expression gfin terms of the two frequency
where Ay, Az and gy, Yy, are as in the in the single fre- giverse observations. Although this choice brings mattiema
quency. i ical elegance (because of symmetry), it can be verified that
We have already alluded (Section 1.1) to the advantaggn asymmetrical solution, which can be obtained by formu-
that frequency diversity gives in extending thert i am-  |ating (11) as a function dé, (or ko) only, brings shortness of
biguity interval. Stating it more clearly, it is easy to Show e time of algorithm execution. This is a consequence of al-

that the sum of two cosine functions, having as in (6) differ{owing a shorter excursion for thevariable. Accordingly, in
ent frequencief; = p/qandF, =r/s, where{p,q},{p,r},

2Two integer numbers are said to be coprime if their greatest cammo
1We use the term absolute phase to designate the unwrappsel pha divisor is the unity.



let us defing € V, § € {0,1}, and the sets

MU(¢8) = {@erRM:q=g¢+an}
MP(¢.8) = {pecRM:q=g-da},

whereA € R.

Algorithm 1 shows the pseudo-code for our optimization
scheme.
o 0w Algorithm 1 Multi-precision denoising
) ) i Initialization: @ = Y {Interferogram, successup = false,
Figure 1: Plot of a half-quadratic potential successdown = false

1: for A=2mx {2°,271,...,27N} do
2. while(successup = false OR successdown = false)

3 if successup = falshen
the experiments shown in section 4, we have employed such#: @ =argmin,.yu o) E(®)
an asymmetrical choice. 5: if E(9) < E() then

We are aware of only two [5], [6] integer optimization al- 6: S q?)
gorithms that are able to provide a global minimum for a pos- 7: else
terior energy like (11), which is composed by a non-convex s: successup = true
data fidelity term and a convex prior potential on the differ- o: end if
ence of pairs of variables. Herein we refer to [5], as it dealsto: end if
with our non-isotropic TV prior. As long as the energy is a 11: if successdown = faldgden
levelable function (see [5]), it is easy to build a souragksi 12 @ =arg miq;,eMD(q,_A) E(p)
graph such that its min-cut gives the sought global minimize 13: i E((})) < E(@) then
For the sake of simplicity we do not describe the graph con- ~
struction [5]; we just mention that graph min-cuts based al-14j o =9
gorithms have been proved to be very popular in computer™ e _
vision, as there are plenty of low-order polynomial complex 1% successdown = true
ity algorithms to compute them. L7 end if
18: end if
19:  end while
2.4 Denoising with multi-precision 20: end for
The wrapped phase are noisy. Therefore, even thoukh) Our algorithm engages on a greedy succession of up and

the estimates of ther2multiples provided by the PU step, down binary optimizations. The precision of the minimiza-
are correct, there is still noise in the absolute phase asgim 10N, ANv starts with the value Z and ends with the value
For denoising, we take a half quadratic potential type like2/(2") whereN is a depth of precision. We point out that
the one plotted in Fig.1. This potential is quadratic in an€ven if all the computations could have been done with the
origin neighborhood of radiugr in order to model Gaussian highestA resolution level from the very beginning, choos-
noise, and with a flat trend elsewhere to preserve discontind?d this multi-resolution schedule increases dramagio@l
ities [10, 11]. We choose the radius mfbecause we expect 0garithmic improvement) the algorithm speed.

to get (most of the) noise wrapped into the interiatt, 71( To solve the binary optimizations shown in lines 4 and 12
after the previous phase unwrapping step. of Algorithm 1, we use the graph-cuts technique presented in
. . [12]. We further add that thE is a majorizer, on the prior
For the sake of clarity, we refer back to the posterior de”terms, ofE. So we apply a majorize-minimize (MM) tech-

sity expression (5), which writes energy Bs= E(¢). Our — nigue such as the one applied in [8]. For details seg,

goal is to computep” = argminE(¢)]. We note that the 3 "12] " Wwe stress that we do not have any guarantees of
objective functionE(¢), is non-convex (both in the data fi- 1o5ching a global minimum with Algorithm 1. This is so be-
delity term and in the prior term), which makes this optimiza .5 ;se with generality, we are dealing with both non-convex
tion problem very difficult. To circumvent this problem, we a4 fidelity terms and prior terms. However, results in a
discretize the domain @, using a discretization intervdl.  gerjes of experiments on simulated and real data have been
In doing this, we convert the minimization ®V!, wherey systematically state-of-the At

denotes the set of pixels, into a combinatorial problem that

may be solved efficiently by computing flows on appropriate 3. PROPOSED AL GORITHM
graphs. We also definitely choose a sub-optimal solution. '

We adopt a strategy in which the minimum &f is
searched for in a sequence of increasing precisions. Th
way we both avoid getting stuck in bad local minima (which
would be probable, had we started with high precision), an
we probably get close to optimization RV!. To this end, 3There are some work,g[3], that address phase reconstruction and

The previous sections culminate in our phase imaging algo-
@thm. It consists of a phase unwrapping stage and then de-
noising. Algorithm 2 shows a simple two lines high level
8seudo—code of our phase imaging algorithm.




Algorithm 2 Phase imaging algorithm avoid the denoising step to corrupt the phase unwrapping
1: Do phase unwrapping with diversity process. Our approach is a MAP-MRF one. We have cho-
2: Do denoising with multi-resolution sen both non-convex data fidelity and prior potential terms,

in the MRF, so there is no hope to find the global minimum

efficiently. Thus, we propose a sub-optimal minimization al
gorithm.

4. EXPERIMENTAL RESULTS The experimental results are encouraging; to our knowl-

In this section, we briefly illustrate the performance of ouredge they are state-of-the-art. .

algorithm on two representative problems for which phase In the future we intend to develop learning schemes for

unwrapping is a hard problem due to high phase rates of tH&€ selection of the best prior paramegigigiven some abso-

unwrapped images. lute phase estimation problem, and get a deeper understand-
Fig. 2 (a) displays an image which is given by a GausINg Of noise in the multi-frequency scenario.
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(c) show the corresponding wrapped images acquired with REFERENCES

frequencied = 1/2 andF, = 3/5, respectively, and having [1] W. Xu, E. Chang, L. Kwoh, H. Lim, and W. Heng. Phase-

S|gnal-to—.n0|se ratio (SNR- 1/03) of 4 dB: Fig. 2 (d,) dis- unwrabping of sar interfe}ogram with multi-frequency or

plays an Image of the unvyrappgd Gaussian, and Fig. 2 (e) a  mylti-baseline. IrProceedings of the 1994 International Geo-

corresponding 3-D rendering. Fig. 2 (f) shows a 3-D render-  science and Remote Sensing Symposium-IGARS&D2,

ing after the denoising. It is clear that the algorithm made a  pp 730-732, 1994.

perfect phase unwrapping (up to a no-meaning additive con-

; ! ACE . X [2] M. Vinogradov and I. Elizavetin. Phase unwrapping method
stant) for which the diversity information was crucial. The for the multifrequency and multibaseline interferometry. In

result of the denoising step (ISNR0.0187 dB) is reflected Proceedings of the 1998 International Geoscience and Re-
in Figs. 2 (g) and (h), which show the histograms (the axis  mote Sensing Symposium-IGARSS@8. 2, pp. 1103-1105,
are in rad) corresponding to the error of the surfaces rexder 1998.

in Figs. 2 (e) and (f), respectively. Itis noticeable that de- . L . . .
L ' : : . ] V. Pascazio and G. Schirinzi. Multifrequency insar height re-
noising erases the secondary modes in the histogram. Fig. ? construction through maximum likelihood estimation of local

(i) is a sheared parabolic ramp having maximum height of lanes parameterdEEE Transactions on Image Processin
225 rad. Figs. 2 (j) and (k) show the corresponding wrapped \F,)O|_ 11,%p. 14781489, 2002. g Sing

images acquired with frequenciEs= 1/4 andF, = 3/5 re-

spectively and have SNR 7 dB. Fig. 2 (I) displays an image . : :

of the unwrapped sheared parabolic ramp and Fig. 2 (m) a ﬂg\?v.;rohrio?gggonthms, and Softwargohn Wiley & Sons,

corresponding 3-D rendering. Fig. 2 (n) shows a 3-D ren- ' '

dering after the denoising. Figs. 2 (o) and (p) show the his-[5] J. Dfarbon and M. S_igelle. Image restoration v_vith discrete con-

tograms (the axis are in rad) corresponding to the erroreof th Stra'“edd total variation part ;'1 '—teVe(;ame f;mcil_onsé;_onve)(l pri-

surfaces rendered in Figs. 2 (m) and (n), respectively. iAgai ~ Of'S and non-convex cases fast and exact optimizaliurna

the algorithm made a gerfec(t p)hase(uawragping f0¥ Wr?ich of Mathematical Imaging and Visiopp. 277291, 2006.

the diversity information was crucial. We emphasize that th [6] H. Ishikawa. Exact Optimization for Markov Random Fields

unwrapping preserves the discontinuity between the ho¥izo with Convex Priors. IEEE Transactions on Pattern Analy-

tal and the parabolic ramps. Concerning the denoising step ~ Sis and Machine Intelligencevol. 25, no. 10, pp. 333-1336,

(ISNR=5.4792 dB), itis noticeable that the denoising erases ~ 2003-

the secondary modes in the first histogram. [7]1 C. Bouman and K. Sauer. A generalized Gaussian image
Still referring to the histograms, the ones corresponding  model for edge-preserving MAP estimatiotEEE Transac-

to the noisy images show, in general, a multi modal shape. tions on Image Processingol. 2, no. 3, pp 296-310, 1993.

Besides the central mode, there are some secondary modegs] J. Bioucas-Dias and G. Valdd. Phase unwrapping via graph

departed around multiples ef2mr and 21 from the center. cuts. IEEE Transactions on Image Processingl. 16, no. 3,

Those correspond to “spikes” as a result of the data observa- pp 698-709, 2007.

tion model. Afte.r denoising they do_disappear. We further#Q] J. Dias and J. Le#fo. TheZnM algorithm for interferomet-

note that each final result was obtained in a few dozens of " ;. image reconstruction in SAR/SASEEE Transactions on

seconds in a.® GHz Intel PC. Furthermore all the free pa- Image Processing/ol 11, pp. 408-422, 2002.

rameters were hand tuned in order to get the best results.

[4] D. Ghiglia and M. Pritt. Two-Dimensional Phase Unwrap-

[10] S. Z.Li. Markov Random Field Modeling in Computer Visjon

volume 9 ofComputer Science Workbenc8pringer-Verlag,
5. CONCLUDING REMARKS New York, 1995.ID Pring ’

We have proposed a (discontinuity preserving) denoisingll] M. Rivera and J. Marroquin. Half-Quadratic Cost Functions
Bayesian algorithm to phase unwrapping; to achieve phase for Phase UnwrappingOptics Lettersvol. 29, no. 5, pp 504—
unwrapping we propose a diversity technique, while denois- 506, 2004.

ing is to be dealt with by employing multi-precision. Among 1] v. Kolmogorov and R. Zabih. What energy functions can be
the scientific Community there is still an alive debate of minimized via graph cuts? IEEE Transactions on Pattern
whether denoising should be done after phase unwrapping, Analysis and Machine Intelligenceol. 26, no. 2, pp. 147—
before phase unwrapping, or any other solution in-between. 159, 2004.

In this paper, we have chosen the first option in order to

deal with high phase rates; however they do employ simulatedadimg.



350 700

300 600

250 500

200 400

150 300

100 200

50 100

0
15 20 25 30 35 40 45 50 55 60
(@

0
28 30 32 34 36 38 40 42 44 46 48

(h)

1200

1000

800

600

400

200

0

-5 -10 -5 0 5 10 15 20 25
(0)

30

35

008 6 4 2 0 2 4 6 8 10

®

Figure 2: (a) Original Gaussian phase image. (b) Image inv(apped with a relative frequency of 2 (c) Image in (a)
wrapped with a relative frequency of 3. (d) Unwrapped image from the previous wrapped images shogb) and (c). (e)
3-D rendering of the image in (d). (f) 3-D rendering of the gean (d) after the denoising step. (g) Histogram correspand
to the error of the surface rendered in (e). (h) Histogramesmonding to the error of the surface rendered in (f). (ipiQal
sheared quadratic ramp phase image. (j) Image in (i) wrapjiteca relative frequency of 4. (k) Image in (i) wrapped with
a relative frequency of &. (I) Unwrapped image from the previous wrapped images shioj) and (k). (m) 3-D rendering
of the image in (). (n) 3-D rendering of the image in (l) aftee denoising step. (0) Histogram corresponding to the eifro
the surface rendered in (m). (p) Histogram correspondingde@rror of the surface rendered in (n).



