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ABSTRACT [8]; interferometry based vibration and deformation measu
ments is widespread among metrology techniques; diffrac-

aperture radar, magnetic resonance imaging, diffractien ttIon tomography 'fmds appllcatlpn ne.g,'gejophysmal Sub-
surface prospection and 3D microscopic imaging. In all of

mography, yield interferometric phase images. For thesﬁwese imaging systems, the acquisition sensors read oaly th

applications, the measurements are mo wherep is . 4 .
pplica . il TED S cosine and the sine components of the absolute phase; that is
the period, a certain real number, whereas the aimed infor-

mation is contained in the true phase value. The process ) have access on!y o the p.hase.mocﬂﬂo{_he sg—called
: . . . interferogram. Besides the sinusoidal nonlinearity, the o
inferring the phase from itsvrapped modulo2p values is

the so-callephase unwrappingPU) problem. In this paper served data is corrupted by some type of noise. Due to these

we present a graph-cuts based PU technique that uses tv(\]llggradapqn mechanisms, phase_ unwrapping 1s known to be
. L a very difficult problem. In fact, if the magnitude of phase

wrapped images, of the same scene, generated with dlﬁere\r/]ériation between neiahboring pixels is larger than i.e

periodspl, p2. This diversity information allows to reduce 9 gp g S

s . . the so-called Itoh condition [9] is violated, then the irdiece
the ambiguity effect of the wrapping modudp- operation, : . . .
. . . . . .of the27 multiples is an ill-posed problem. These violations
and is extensible to more than two periods. To infer the origi ; . o )
Bnay be due to undersampling, discontinuities, or noise.

nal data, we assume a first order Markov random field (MRF . b . dul
prior and a maximuna posteriori probability (MAP) opti- In (;ase \c,jvel possefsshtwo wrappmglobser;]/atloEg moauio-
mization viewpoint. The employed objective functionalsda pl, and modulgp2, of the same signal, by the Chinese re-

nonconvex, sinusoidal, data fidelity terms and a non isatrop mtz)almder theorem [&0], l_m_de: c_ertalrbcwcudmstar;]ces, It 55 po q
total variation (TV) prior. This is an integer, nonconvexiep sible to compute the original signal based on those wrappe

mization problem for which we apply a technique that yieldso_bsgrvations only; the.diversity infgrmation shortensahe
biguity effect of wrapping observation.

an exact, low order polynomial complexity, global solution - L ) )
At its core is a non iterative graph cuts based optimization 1 "€ main contribution of this paper is to present a fast,
algorithm. As far as we know, all the few existing period MAP-MRF based, PU technique that employs the diversity
diversity capable PU techniques for images, are eitheofar t rationale, .and _to illustrate th_e boost in the PU performancg
simplistic or employ simulated annealing, thus exponéntiathat the diversity concept brings; the speed enhancement is
complexity in time, optimization algorithms. mainly due to the applied graph-cuts based optimization.

In the next Section we make a quick overview of the di-
versity concept. Then, in Section 3 we present our techpique
namely we will motivate and summarize the chosen graph-

S . cuts algorithm. In Section 4 we show some representative
There are nowadays many applications based on phase im-

ages,e.g, interferometric synthetic aperture radar (INSAR) expgnmental results and, finally, in Section 5 we draw con-
. . ) . .’ cluding remarks.

[1], magnetic resonance imaging (MRI) [2], adaptive optics

[3], vibration and deformation measurements [4], and adfr

tion tomography [5]. InSAR is being successfully applied, 2 DIVERSITY

e.g., to the generation of digital elevation models (DEMY a

in the monitoring of land subsidence; among the plethora 0&e,er4| signal and image processing techniques employ di-
MRI applications, we emphasize venography (angiographyesity which consists of signaling some event or target,

as well) [6] and tissues elastography [7]; concerning adaps g imaging an object, by using diverse relevant parameters.
tive optics, we point up applications in medicine and indust |, his paper we consider frequency diversity which is used

This work was supported by the Instituto de Telecomurieaqinder the 1N Various areas, such as, e.g., MRI, echographic Doppler,
project IT/LA/325/2005. weather radar, and InSAR.

Many imaging techniquese.g, interferometric synthetic

1. INTRODUCTION




Namely, we deal with two (or more) frequenciés = £ (t) = cos (t) + cos (2/5 t)
p/q, F» = r/s where{p,q,r, s} € N*. For each frequency, N I —

>
we adopt, as in [11], an observation data model to be given by 15 | 3 x 2 rad
Z; = et 4y, 1) 1
whereg is the true phase, andis zero-mean, circular, Gaus- 0.5+
sian noise [11]. ol
For each frequency the log-likelihood functionis/ F; -
periodic. Again referring to [11] we take each log-likeldt -05 ¢
to be given by (2) |
f(mi) = =Aicos (m; — Fig) + i, (2) 15l
where¢ stands for the, to be inferred, absolute phage+ 2 ‘ ‘ ‘ ‘ ‘ ‘ ‘
angle(Z;) (the observed phasesy; « |Z;|, F; stand for the -8 -6 -4 -2 0 2 4 6 8
employed frequencies, and; are irrelevant constants. For t (2n rad)
our purpose of illustrating diversity PU, we will assuthe=
1, without loss of generality. Fig. 1. Ambiguity reduction by summing two periodic func-

For simplicity we use two frequencies only; assuming in-tions: the beat effect.
dependence on the random variables that account for the ob-
servations (1), it follows that the loglikelihood is given (8)

conclude that the period is extended and, so, the ambiguity
T _ _Fé) — — Fy), reduced. Fig.1 illustrates this effect by plo'ttlng.the flioie
f(@Im) + f(éln2) cos (m — F1¢) — cos (12 2¢23) F() = cos(t) + cos(2/5 1), t € -8 8] with £ in 2 rad
we note thatf  — 7, + 2k, then with the change of vari- units. It can be seen that the period has been extended five
ables¢’ = F16 we get (4) ' times (the initial periods wer2r rad and5 x 27 rad). This
- “beat production”, well known in wave physics, can also be
understood by the Chinese remainder theorem [10].
Fy It is a well known behaviorg.g, from wave phenomena
! ! - _ _ 2 _ 2 . ,
H& ) +1(¢'ne) cos(m—1n+2km)—cos (772 F1¢> " that the greater the beat period extension, the smallerithe d
ference between global and local maxima. Furthermore, it is
. also well known that beat period extension brings noise am-
/ ! — _1_ _ 2 plification. This trade-off should then be taken into acdoun
)+ 76 = 1 cos (= 207 ) . @

in (4) we may discard the-1 term, which leads us to the 3. PROPOSED ALGORITHM

integer variable k dependent observation model
3.1. Related work

—cos (772 - % (m — %W)) ; (5)  Definitely, frequency diversity based PU techniques are
scarce. We are aware only of [12], [13], and [14] pub-
that will be part of the functional to minimize in MAP-MRF lished in 1994, 1998 and 2002, respectively. Regarding the
framework, as we will refer to in Section 3. first [12] it proposes three very simple (and interesting) al
We have already mentioned that the advantage of fregorithms that, nonetheless, are error prone. With respect
quency diversity is to reduce the ambiguity effect of theto the second [13], it is a multidimensional (accounting for
wrapping moduld2p operation. Stating it more clearly, it is multifrequency) version of the minimu?* norm type of PU
easy to show that the sum of two cosine functions, having aglgorithm [15], with relaxation to the continuum that is Wel
in (3) different frequencie$’; = p/q andF, = r/s, where  known [15] to give rise to solving a Poisson equation. The
{p,q},{p,7}, {q,s}, and{r, s} are coprime integefsre- weaknesses of this approach are long-familiar, in pasicul
sults in a third periodic function whose periodjisc s; asthe  the oversmoothing of high phase rate slopes and disconti-
initial functions do have periods of respectivelyands, we  nuities, which is further amplified by the proposed previous
= o _ o low-pass filtering stage (see [11] for a deeper discussion on
Rigorously, F, and F»> can be irrational as long as their quotient is ra-

tional. However this does not take any generality in whdofes. this prOblem)' C_Zoncer_nlng [14]’ It ?OnS.IStS of an. algomhm
2Two integer numbers are said to be coprime if their greatest commo Pased on a maximum likelihood estimation technique, whose

divisor is the unity. goal is to approximate the unknown (true) surface by means




of local planes. The approach assures the uniqueness of thbservation statistics (see, e.g., [11]) and with gaussigse
solution even accounting for high phase rate slopes or digSignal to noise ratio (SNR) afo dB); they differ in the rel-
continuities. However, the global optimization required t ative signal frequency employed in each of them which is
compute the maximum likelihood, by suggestion of the auf; = 1 and F, = 4/5 respectively. An aliasing effect is
thors, is to be achieved by simulated annealing, which iga toquite clear in both. In Fig. 2 (c) we show the unwrapping re-
much slow optimization technique to tackle this problemn, fo sult by limiting the signal excursion to fiver levels only. It
which, e.g, graph-cuts techniques are much more suited.  can be seen that with five levels (five is the ambiguity interva
extension factor used) there is no more aliasing. In Fig.)2 (d
we show the result of the our proposed diversity graph cuts
based algorithm; it can be seen that the unwrapping is gerfec
even in the presence of noise (SNR10 dB). Furthermore

3.2. Graph-cutsformulation

Let us consider the undirected graph £) where the set of

nodesY represents image pixels and the set of edgesp-
resents pairs of neighboring pixels (horizontal and vatiic
our case).

In Section 2, the loglikelihood expression (5) was ob-

the result was obtained in a few seconds dh(aGHz dual
core Pentium.

5. CONCLUDING REMARKS

tained based on a bayesian model ([11]) and for two sources

(two frequencies). Considering that the prior is @ MRF derp hresented results illustrate and indicate that freguen
fined on(V, &), then the logarithm of the posterior density is, diversity can greatly enhance the phase unwrapping perfor-

in our case, given by

Ek) = Z — cos (ngz - %(7717: - 2kﬂr)>
i€V

(i,5)€€

where¢’ = (¢}, ¢, ...
takeV;; (¢,

s Plyp)s @' = Fi¢ = m + 2k, we
) = |ki — kj], the so-called non-isotropic TV,

and finally is the regularization parameter that sets the rela-

tive weight between the data fidelity and the prior terms.
We are aware of only three integer optimization algo-
rithms, that are able to provide a global minimum for a

posterior energy like (6), which is composed by a hon-convex
data fidelity term and a convex prior potential. Those algo-

rithms were introduced in [16], [17], and [18]. Herein, we
refer to the last one [18]. As long as the energy is a levelabl
function, i.e., a function that admits a decomposition asma s
on levels, of functions of its variables level-set indigzs at

current level (see [18]), it is easy to build a graph such that

mance. Furthermore, the employed graph-cuts global opti-
mization in the MAP-MRF scenario proves to be very fast.
Given the growing importance of phase imaging techniques
diversity research should be prosecuted. In future work we
intend to explore generalized kinds of diversity like temrglo
PU [19] and more generally multidimensional PU.
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